TANGENCIAL BASE POINTS 
ON ALGEBRAIC STACKS 



VINCENT ZOONEKYND 



Abstract. The notion of tangencial base point is well-known for 
schemes in characteristic zero ||^. We show that the definition in 
terms of Puiseux series generaHzes to the case of DeHgne-Mumford 
stacks, over a field of arbitrary characteristic. We then apply this 
construction to moduli spaces of smooth curves, generalizing a re- 
sult of [§. 



1. Introduction 

We first outline the construction of a tangencial base point on a 
scheme over the field of complex numbers [|, 

Let X be a scheme over the field of complex numbers, D a divisor 
with normal crossings on X, x a closed point of D and D^co X\D the 
category of etale coverings of X\D. One may "complete" IKet) X\D 
into a topos 61Het)X\D, that of disjoint sums of etale coverings, which 
is equivalent to the topos of sums of locally constant etale sheaves on X. 
A tangencial base point on X is a functor T : IKet) X \D — s-6et whose 
extension J^' : ©IHeo X\D^(5ti defined by P{Y[Ri) = Y[ J^{Ri) is 
the inverse image functor of a topos morphism (Set — ^ (S^HeoX \ 
i.e., T' is left exact and has a right adjoint. 

A choice of coordinates defining Z) in a formal neighborhood of x, 
i.e., isomorphisms 



Spec Gx^x C|ti, . . . , t 

A A 



Spec 



C|ti,...,t^l 

(tl . . . tm') 



yields a base point 



^tXiX\D 6ei 

R ^ Homfc(X)(A;(i?),FracC{{ti,...,t„,}}) 
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where C{{ti, . . . ,tm}} = . . . , tm"] is the ring of Puiseux se- 

ries and Frac denotes the field of fractions of a ring . 

We shall show that this result still holds for schemes over a field 
of arbitrary characteristic and generalizes to Deligne-Mumford stacks. 
We shall then apply it to the special case of moduli stack of smooth 
curves. The notion of fundamental group of an algebraic stack will be 



studied more systematically in a forthcoming article |12 



2. Tangencial base points for schemes 

In this section, we prove that the construction outlined for schemes 
of characteristic zero generalizes to schemes over a field of arbitrary 
characteristic. 

Let us first recall the definition of a divisor with normal crossings 
from ||5|. 

Definition 2.1. A divisor D on a scheme X is said to have strictly 
normal crossings if its support only contains regular points of X 
and if, in the neighborhood of any point s, its support may be written 
D = ^^j^divxj, where {xi)i^i<^rn is a regular system of parameters 
at s. 

A divisor D is said to have normal crossings if, etale locally, it has 
strictly normal crossings, i.e., if there exists a surjective etale morphism 
U X such that D Xx U he a divisor on U with strictly normal 
crossings. 

Definition 2.2. A Kummer covering is a morphism 

where: A is a ring ; for any prime ideal p G Spec A, the which are 
invertible in Ap are part of a regular system of parameters of Ap; none 
of the rii is divisible by a residual characteristic of A. 

As the (aj)i^j<j.m define a divisor with normal crossings, we will say 
that it is a Kummer covering with respect to this divisor. 

A tamely ramified covering over a normal scheme X with respect 
to a divisor with normal crossings D is a morphism R — ^ X that is, 
etale locally, a disjoint sum of Kummer coverings. 

We shall denote 9\tV^X the category of connected tamely ramified 
coverings of X with respect to D and ©IHeo^ the category (actually, 
the topos) of their disjoint sums. In case D is empty, we write IHeo X 
and 6fHcoX. 

Definition 2.3. Let X be a normal scheme and D a divisor with 
normal crossings on X. A tangencial base point on X \ is a 
functor J" : D^eo^X &tt whose extension JF' : 69^eD'^X 6et is 
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the inverse image functor of a topos morphism 6et — ^G9\tt)^X. In 
case D is empty, we speak of base point. 

Remark 2.4. If X is a normal scheme and D a divisor with normal 
crossings, a geometric point x : SpecK — \ D defines a base point 
on 

y^zXt^X 6et 

R ^ Homx(SpecK,i?). 

Definition 2.5. Let A be a regular local (hence integral) ring, m 
its maximal ideal, a regular system of parameters, A = 

hmA/m" its m-adic completion and Q an algebraic closure of FracA. 
For each 1 ^ i ^ m and each n prime to the characteristic of we 
choose a primitive nth root t^"' oiti in Q, and we define the Puiseux 
ring of A as 

n 

where the morphisms defining this inductive system are 



We shall often write A instead of A(^ti,...,tm)- 

Remark 2.6. As a ring, A is merely the sub-A-algebra of Cl generated 

1 /n 

by the t;' . But we shall regard it as a ring endowed with an inclusion 
A'^ — ^A and a coherent system of roots of the U, denoted tj^": it 
means that for all k. C prime to the characteristic of A, one has {t\^^^Y = 
t\^^ . These data {A, A — ^A, {f\^^)i^n) are well determined, from A and 
(ti, . . . , tm), up to a unique isomorphism. 

Theorem 2.7. Let X he an integral scheme, D a divisor with normal 
crossings on X , x E D a closed point whose residue field is algebraically 
closed and (ti, . . . , t^) « regular system of parameters of &x,x such that 
D be defined around x by the equation ti ■ ■ -tm' = 0. Then, the functor 

mt^^X 6et 

R ^ Romk(x){k{R),FTac^x,x,{h,...,tm)) 
is a base point. 



Proof. Let f2 = Frac ffx.x and Q an algebraic closure of We shall 
show that the functor T is isomorphic to that defined by the geometric 
point SpecQ — ^X\D. Let R E ^tti^X be a tamely ramified covering 
of X and set SpecS = R Xx Spec^x,x- Let us show the following 
isomorphisms. 
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(1) Homx (Spec Q, R) ~ Homspec ffx x (Spec Vt, Spec B) 

(2) ~ Homspec ffx,x (Spec d'x,x, Spec B) 

(3) ~Hom^^^(5,^x,..) 

(4) ~ Homprac (Fi'ac 5, 1^) 

(5) ~Homfc(x)(A;(i?),fi) 

The first isomorphism (|l|) merely states the universal property of the 
fiber product Spec B = R Xx Spec ffx,x- 




Spec ri ^ Spec 



Spec 



Spec 



'X,x 



To prove 



set 



B = Spec 5 



a tamely ramified covering, Spec-B — Spec i^x.a; is a disjoint sum of 
Kummer coverings. The morphism Spec — >■ Spec B determines a 
connected component Spec Bi of Spec B and the image of Bi — Cl is 
contained in ^x,x, hence the morphism Specfi — s-Speci? extends to 
Spec i^x X — ^ Spec 5. 



Spec Q 




Spec 



X,x 



Spec Bi 



Spec i^x,i 



Spec B 



Spec ' 



Isomorphisms (|^) and 
lemma |2T 



are straightforward, and 



results from 
□ 



Lemma 2.8. Let A be a noetherian, local (hence of finite dimension), 
regular (hence integral) ring with algebraically closed residue field k, let 
(ti, . . . , tm) a regular system of parameters of A and let B be a finite 
integral A-algebra. Then B A ®a B and B is a finite A-algebra. 

Proof. One has 

B = \imB[xy"',...,xl/"'] 

~ lim(5 (g)AA)[xy"' 

~ limS ®A ^[a^i^"^, • 

^ B ®A lim . 

^ 5 A 



l/ml 



5 -^n J 



from II, 7.2] 
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Lemma 2.9. Let A be a noetherian, local (hence of finite dimension), 
regular (hence integral) ring with algebraically closed residue field k, let 
(ti, . . . , tra) be a regular system of parameters of A and let B be a finite 
integral A-algebra. Then Hom^(i?, A) ~ HomFracA(Frac-B, FracA). 

Proof. We shall show, by induction on the dimension of A, that all 
A-morphisms (p : B — s^A are injective. 

The case dim A = is trivial, for then A = B = k. 

Assume the result holds for rings of dimension n — 1 and let A be of 
dimension n. Let ip : B — >y4 be any A-morphism and set p = ker (p. As 
B/p is isomorphic to a subring of A, it is integral and thus p is prime. 
From 1^, 10.14], there exists t E A such that (t) be prime and A/{t) be 
a local regular ring of dimension n — 1. One may then write 

B ® (A/{t)) ~ B/tB A ® A/{t) ~ Aj(f) 

A ^^^^^^^^^^^ A 

A/{t). 

where the isomorphism on the right comes from lemma |2.8| . By the 
induction assumption, kenp' = 0, hence p + tB = tB, hence p C tB. In 
geometric terms, Speci? is a scheme. Spec B/tB is a hypersurface and 
Speci?/p is an irreducible subscheme containing this hypersurface: it 
is either all of Spec-B or Spec B/tB. As t is nonzero in -B/p, we must 
reject the first possibility: Speci?/p = Spec-B, hence p = 0. □ 



3. Tangencial base points for stacks 

In this section, we generalize to algebraic stacks the preceeding con- 
struction of tangencial base points. By stack we shall always mean 
Deligne-Mumford stack: see |||, ||n|, ||| or ||li . 

Remark 3.1. The etale site X^t of a stack X is defined in We 
shall denote &[)X the corresponding category of sheaves. Let 9^et)X 
be the category of connected locally constant finite etale sheaves on X 
and ©O^eoX the category of their disjoint sums (it is a topos). This 
category could also be defined as a category whose objects are finite 
etale stack morphisms R — ^X, but, because stacks form a 2-category, 
the morphisms are more complicated to define: see [T^ . 

If X is a stack, there exists a surjective etale morphism U X 
from a scheme U and one may prove (see [0) that U Xx U^^U is an 



etale groupoid (i.e., a groupoid whose source morphism is etale) whose 
diagonal U XxU — xU is quasi compact and separated. Conversely, 
any such groupoid defines a quotient stack, denoted [U/S]. 
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Let 9lct)(S'^:f/) denote the category of connected equivariant etale 
coverings: its objects are etale coverings R — endowed with a mor- 
phism a : S R — ^R such that 



pr2 

SXyR^^R 



s 



Y 

u 



be a groupoid morphism and such that the (set-theoretic) groupoid 
tiq{R Xy S) ^^ttqR be connected; its morphisms {R, a) — ^ {R', a') are 
the morphisms / : R — >-R' such that the following diagrams commute. 



R 



R' 



V 



RXyS- 
/xl 

Y 

R' xv S 



R 
f 

Y 

R' 



Similarily, we let (39^et)(S' ?7) denote the category of disjoint sums 
of equivariant etale coverings (it is a topos). 

One may show (see ||lT|) that if [S^:U) is a presentation of the 
stack X, then there is an equivalence of categories 



Lemma 3.2. A stack morphism f : Y — s-X induces topos morphisms 
&i)Y^&[)X and e^Heo Y 69^eD X. 



Proof. As the functor 



r 



u 



X 



UxxY 



Y 



is continuous, i.e., as it preserves finite projective limits and covering 
sieves (if U — 5> X is an object of X^i and R = {Ui — ^ U)i^j a covering 
sieve, then the sieve (generated by) f*R = {Ui Xx Y — ^ U Xx Y) is 
a covering sieve of U Xx Y — ^Y), it defines by ||, VII. 10. 2] a topos 
morphism. 

The functor /* clearly restricts to the categories of locally constant 
sheaves ©IHeD Y — ^ ©IHeo X and defines a topos morphism. □ 



Definition 3.3. A stack morphism D — ^ X is said to be a divisor 
with normal crossings if there exists a surjective etale morphism 
U — X from a scheme such that D Xx U — s- [/ be a divisor with 
normal crossings. This property then holds for any surjective etale 
morphism from a scheme. 
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Definition 3.4. Let X be a stack and D a divisor with normal cross- 
ings on X. An etale sheaf ^ on X is said to be a tamely rami- 
fied covering of X along D if there is a surjective etale morphism 
TT : U — ^ X from a scheme U such that vr*^ be a tamely ramified 
covering of U along D Xx U. We denote by fHeD^X the category of 
connected tamely ramified coverings of X along D and SEHed^X the 
category of their disjoint sums (it is a topos). 

A stack morphism Y — ^X induces a topos morphism ©IHeti^^^^F — ^ 

A tangencial base point on X \ is a functor ^tV^X 6ct 
whose extension to Q^itti^X — ^©et is the inverse image functor of a 
topos morphism. 

Remark 3.5. If D is a divisor with normal crossings on a stack X, 
we denote 9^et)'^(S'^:f/) the category of connected equivariant tamely 
ramified coverings of U and GDlcv^ {S ^:U) the category of their dis- 
joint sums. As before, one has an equivalence of categories 

Lemma 3.6. Let X be a connected algebraic stack, and S =^ U a 
presentation of X. Then, a geometric point y : Specif — defines a 
tangential base point on X 

r ^tx>'^{S^U) 6et 

\ R ^ Hom[7(SpecX,i?). 

Proof. We have stack morphisms 

SpecX^C/^X, 

hence topos morphisms 

6et^ 69let)^^^^C/ S^t^^X « 6<Ket)^(5 xU^U) 

where S x U =^ U is a presentation de X. The inverse image of the 
second is the forgetful functor (forgetting the action of the groupoid) 
and that of the first is 

69^eo Spec du,y 6et 

R ^ Rom^^^^^^JSpec K,R). 

The composition of these functors yields J-'. □ 

Theorem 3.7. Let X be a regular stack over an algebraically closed 
field k, let 5'=S:C/ be a presentation of X, let D G X be a divisor with 
normal crossings, let y : Spec A; — Xx U be a point of D Xx U <ZU , 
let X : Spec k — >-U — ^X be the corresponding point of X, let {t\, . . . , tm) 
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be a regular system of parameters for D Xx U at y. Then the functor 
D\tt)^X 6et 

R ^ IlHomfc(t/o)(A;(i?i),Frac^t/,y,(t,,...,t„)) 

i 

is a base point, where Uq is the connected component of U containing 
y and the Ri are the connected components of R Xx Uq. 

Proof. Let R G fHeo^X be a tamely ramified covering of X and Vt 
an algebraic closure of ¥ia.cffu,y From lemma |3]^, we know that the 
functor 



R ^ RxxU 
is a base point. But 

Romu (Spec Q,Rxx U) ~ Homug (Spec Q,Rxx Uq) 

~ Homc/o (Spec fi, Ri) 
~ ]J Hom^o (Spec 0, i?^) 
^ ]jHomfc(c/o)(A;(i?i),ll), 
the last isomorphism coming from theorem |2.7|. □ 



4. Tangent space of a stack 

The tangencial base points of the introduction may be defined by 
the datum of a tangent vector which is not tangent to the divisor 
or, equivalently, by the datum of coordinates ti, . . . ,tn on the tangent 
space such that the trace of the divisor be defined by the equation 
ti ■ ■ - tm = 0. In this section, we define the notion of tangent space of 
an algebraic stack and generalize this remark to the case of stacks. 

Lemma 4.1. Let X be a stack over an algebraically closed fi,eld k and 
X : Spec k — ^X a point of X. Then, there is a finite group G such that 
the square 

G X Spec k ^ Spec k 



Spec k — ^ X. 

be 2-cartesian. We say that G is the fundamental group of the 

point X. 

Proof. The existence of the set G is left to the reader: proceed as in 
proposition Further, G x Spec fc^:Spec /c is a groupoid (and hence 
G is a group) for the same reasons that a surjective etale morphism 
from a scheme U — ^X yields a groupoid U XxU =^U: see ||Tl|. □ 
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Proposition 4.2. Let X be a stack on an algebraically closed field k, 
let U X be a surjective etale morphism from a scheme, let y : 
Spec k — s-f/ be a point ofU, let x : Spec k — — ^X be the corresponding 
point of X and let G be the automorphism group of x. Then, one has 
a 2-cartesian square 



G X Spec ^u^y > Spec 



Spec ^u,y 



X. 



Proof. In the following diagram, the bold arrows are etale. 



Spec ^u,y X it! X Spec ^u,y 



Spec ^u,y X R 



Spec (&u,y 



R X Spec i?'u^y 



R 



U 



Spec ffu,y 



V 

U 



X 



Hence, as i^u,y is a strict henselian ring, there exists sets A and B such 
that the diagram reads 



Spec ^uvX Rx Spec 
u u 



Ax Spec ^u,y ^ Spec ^u,y 



(1) 



B X Spec ^u,y 



R 



Spec ffu,y 



U 



X 



The square (1) may be written, replacing it! by the union of the 'images' 
oi Ax Spec d'u,y and B x Spec d'u,y, 



Spec ^u,y X R X Spec ^u,y ^ A x Spec ^u,y 



B X Spec ^u,y 



]J Spec dn. 



reD 
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where D C Rik). Hence Spec i^uy x R x Spec S'uy 

u u 

for some set C. But as 



C X Spec 



G X Spec k ^ C X Spec k 



C X Spec k a- C X Spec - 



'U..y 



Spec k 



Spec ^(7,j^ 



Y ^ Y 

Spec k ^ Spec ffu,y ^ 

where the large square is that defining G, one has G = C . □ 

Definition 4.3. Let X be a stack on an algebraically closed field k, 
let X : Spec k — ^ X be a point of X and G its group, let U — ^ X be 
a surjective etale morphism from a scheme, let y : Spec/c — be a 
point of U above x. The tangent space of X at x, denoted T^X, is 
the tangent space TyU endowed with the action of G. 

Remark 4.4. The tangent space of a stack is not unique up to a unique 
isomorphism: this should not be surprising, for it satisfies the follow- 
ing 2-universal property. First, one may identify a /c-vector space V 
endowed with an action if a finite group G with the quotient stack 
(Spec Sym The tangent space T^X is then a 2-final diagram 

among diagrams of the form 



Spec k 




Spec Sym V /G — X 

where is a (non-zero) /c-vector space and G a finite group acting 
linearly on V . 



Remark 4.5. This notion of tangent space of a stack is equivalent to 
that defined in H as the category 



whose objects are the diagrams 



^Pecy^, X 



Spec k 



Spec 




X 



TANGENCIAL BASE POINTS ON ALGEBRAIC STACKS 



11 



and whose morphisms / — ^ g are stack 2-morphisms 

/ 

Spec ^ ' - X. 




Example 4.6. Let X be an algebraic stack over an algebraically closed 
field /c, let Z) be a divisor with normal crossings on X and let x : 
Speck — be a point of D. Coordinates on the tangent space T^X 
such that the trace of D on T^X be given by the equation ti ■ ■ ■ tm' = 
define a tangencial base point on X \ thereby generalizing the 
classical situation presented in the introduction. 

5. Tangencial base points on the moduli stack of 

smooth curves 

We shall now apply the preceeding theory to the case of moduli 
stacks of smooth stable pointed curves. 

Definition 5.1. A stable n-pointed curve of genus g is a proper and 
fiat morphism tt : C^S endowed with n sections Si : S^C (for 1 ^ i ^ 
n) such that the geometric fibers Cs of tt over any geometric point s of 
are reduced, connected curves, of arithmetic genus dim H^{Cs, ^Cs) = 
g, whose singular points are ordinary double points; such that the 
image of the sections Sj in the geometric fibers Cg are smooth distinct 
points Pi; and such that these geometric fibers have a finite number of 
automorphisms fixing the Pi. 

A special point of a stable pointed curve C is a point of the nor- 
malization C above a singular or marked point of C. A maximally 
degenerate stable pointed curve is a stable pointed curve C such 
that the irreducible components of the normalisation C be projective 
lines with three special points. 

Notations 5.2. Let us denote ^g^n the moduli stack of stable n- 
pointed genus g curves, „ the divisor with normal crossings of sin- 
gular curves and ^g,„ = ^g^n \ '^g,n the moduli stack of smooth stable 
n-pointed genus g curves |0. 

We shall first recall the theory of deformations of curves ||10|, ||; 



then explain how they lead to a description of the tangent space to 
the moduli stack of stable pointed curves ^g,„; and finally describe 
tangencial base points on the moduli stack of smooth curves ^g^n- 

We shall state the results above a field of characteristic zero: in 
positive characteristic, it suffices to replace "local Artin fc-algebra with 
residue field /c" by "local Artin A^-algebra with residue field fc, where 
is a complete regular local ring, with maximal ideal pAk and residue 
field fc" I, p. 79]. 
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Definition 5.3. A deformation of a proper curve C — > Spec /c is a 
cartesian square 



C 



Spec k 



Spec A 



where ^ — ^ Spec A is a (proper and flat) curve and A a local Artin 
A;-algebra with residue fleld k. 
A deformation morphism 



C 



c 



I 

Spec A; 



Spec k ^ 



is a commutative diagram 




Hence, deformation isomorphisms are morphisms of families of curves 
whose restriction to C is the identity. 

A generalized deformation of a proper curve C — > Spec /c is a 
cartesian square 




Spec k ^ Spec A 



where ^ — ^Spec A is a (proper and flat) curve and A a local /e-algebra 
with residue fleld k and maximal ideal m, such that all the quotients 
A/m", with n G N^, be Artin fc-algebras. Morphisms of generalized 
deformations are defined as above. 

A universal deformation of a curve C — ^ Spec /c is a generalized 
deformation 

C 



Spec k ^ ^ 
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Spec k ^ 

there exists a unique morphism / : — s- ^ and a unique morphism 
/ : — s- ^ such that the following diagram commute and the front 
square be cartesian. 




The scheme M is then called the base of the universal deformation. 
This is equivalent to requesting that the functor 

Slrtfc ens 
A I — { isomorphism classes of deformations of C over A } 

be prorepresentable, where %tik denotes the category of local Artin 
fc-algebras with residue field k and their local morphisms. 



D : 



Lemma 5.4. Stable curves have universal deformations. 
Proof. See g p. 80]. 



□ 



Definition 5.5. Let C be a stable curve over k and x a singular point 
of C. A local deformation of C at a; over an Artin local fc-algebra with 
residue field k is the datum of a flat A-algebra ^ and an isomorphism 
(^A k ^ ^x,x, i-e., the datum of a cartesian square 



Spec ffx,x 



Spec 



Spec k ^ Spec A 

where the morphism Spec ^ — ^ Spec A is flat. 

One says that C has a universal local deformation at x if the 
functor 

( ^xtk (£ns 
-Dioc : s A I — 5" { isomorphism classes of local 

i deformations of C at x over A } 

is prorepresentable; a ring (or its spectrum) prorepresenting this fuctor 
is said to be the base of the universal local deformation of C at x. 
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Remark 5.6. Let C be a stable curve, xi, . . . ,x„ its singular points 
and, for all 1 ^ i ^ n, Ai the base of the universal local deformation 
of C at Xi p. 81]: if {ui,Vi) are local coordinates around Xj, i.e., if 
one chooses an isomorphism 



the deformation is given by 



Spec 



klui,Vi\ 

{UiVi) 



UiVi 



Spec 



k[ui,Vi,e\ 

{UiVi - Si) 



Spec k 



Specfclej] = SpecAj 



If C is a maximally degenerate curve, the base of the universal local 
deformation of C is defined as 



^loc = Spec Mioc = Spec Ai 



An = Specfclei, 



Lemma 5.7. If C is a maximally degenerate stable curve, the base of 
its universal deformation = Spec Mgi is canonically isomorphic to 
the base of its universal local deformation ^loc = SpecM^oc- 



Proof See ||, 1.5 p.80-81]. 



□ 



Lemma 5.8. IfC is a projective curve aver k, its automorphism group 
Aut C acts on the base of its universal deformation. 



Proof Let g E Aut C. As 



C 



-1 C 



Spec k 




the universal property defining gives us a cartesian square 



Y 
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such that 




9 



We leave it to the reader to check that this actually defines a group 
action: use the universal property of the deformation to show that 
gh = gh. □ 



Lemma 5.9. Let C be a stable n-pointed curve and = SpecM^; 
the base of its universal deformation. There is an Aut C -equivariant 
isomorphism between the tangent space to ^g^n Okl [C] and that of ^gi 
at the origin, 

T[C\J^g,n - ToJ^gi. 

Proof. This results from the following isomorphisms of Aut C-equivariant 
vector spaces. 

(1) T[c]^g,n = ^OVCi^c] ( Spec j^,J(g,n 



(2) ~ D 



k[e] 



(3) ~ Homfe Mgi, 



k[e] 



(4) ~ Homfc I^Spec 

(5) = To^gi. 

The only delicate point is the isomorphism between (1) and (2): instead 
of considering them as equivariant vector spaces, we shall regard them 
as categories and show that they are isomorphic. 

The objects of the category f)om[c7](Spec A;[£]/ (e^), ^g,n) are the com- 
mutative diagrams 

Spec k 
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and its morphisms are the 2-morphisms 



Spec 



The objects of the category D{k[e\/ {e^)) are classes of families of 
stable n-pointed genus g curves over Spec whose fiber at 

is C : one identifies two such families if they differ by an isomorphism 
whose restriction to C is the identity; its morphisms are isomorphisms 
of stable pointed curves. 

Let us show that the functor 




D 



k[e] 



9,n 



is essentially surjective. Let 

C 



Spec k 



C 



Spec k 



Spec 

(£2) 



'g,n+l 



9,n 



Spec 



be an object of D{k[e]/ {e'^)). The family of curves ^ — ^Speck[e]/{e'^) 
is an object of the fiber ^g^ni^P^c k[e]/ {e'^)) of the fibered category 
J^g^n above Speck[e\/ {e'^) , but this fiber is equivalent to 



[)om(Spec A;[e]/(£2), 



g,nj 



The composition Spec k- 
product 



■Spec k[s]/ {s"^) — ^^g,n is given by the fiber 



C 



Spec k 



Spec 



is')' 



so it is (isomorphic to) [C] : Spec /c — ^^g-n] hence the family of curves 
^ — > Spec A;[£]/(£2) is (isomorphic to) an object of 



\} omrq ( Spec k[e\/{e'^), Jig^^ . 
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Let us now show that this functor is fully faithful. As the categories 
are groupoids, it suffices to prove that it induces isomorphisms between 
automorphism groups. But by definition, the automorphisms of 

Speck 



Spec 




9,n 



are the automorphisms of 

Spec ^ ' '^""QjU-i 

i.e., (from Yoneda's lemma for fibered categories) the automorphisms 
of 

<^^Spec^. 

To show that this equivalence of categories is actually an isomor- 
phism, it suffices to remark that in both cases the set of morphisms 
from a given object is in bijection with the finite set AutC. □ 



Definition 5.10. A graph is a sextuplet G = {F, V,j, d, g, c) where F 
is a set (whose elements will be called half-edges), ^ is a set (whose 
elements will be called vertices), j : F — ^F is an involution, d : F — 
is a map. An edge of G is a 2-element part of F of the form {ip,jip}. 
The legs of G are the fixed points of j. Finally, g : V — is a map 
and c : { legs } — is a bijection between the set of legs and |1, n] for 
some n G N. 

A graph morphism {F, V,j, d, g, c) — ^{F', V, j', d', g', c') is the da- 
tum of two bijections /i : F — ^F' and /o : V — such that f\j — j'fi, 
fod = &fi, g = g'fo and c = c'fi. 

The graph associated to a stable n-pointed curve G (over an alge- 
braically closed field) is 

V — { connected components of the normalization G } 

~ { irreducible components of C } 
F — { special points of C } 

{F ^ F 
(p I — ^ if' where T^'^i^^p — { }, (one may have (/? = if 
TT~^TTip has a single element, i.e., if 99 is a special 
point above a marked point) 

[ ip I — ^ connected component of G on which ip lies 
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V ^ n 

V I — ^ geometric genus of v 

{legs} ^ II, n] 

(f I — ^ i where Pi — 7r(f and the {Pi)i^i^n are the marked points 

A ribbon graph is a graph endowed, at each vertex, with a cyclic 
order on the three outgoing half-edges. 



c : 




Figure 1. A stable curve and the associated graph (the 
circle on Ci indicates that its geometric genus is one; 
the genus of a vertex is indicated by a bold underlined 
number, if non-zero) 



Theorem 5.11. Let C be a maximally degenerate stable pointed curve 
corresponding to a point [C] of ^g^n and let G be the associated graph. 
Any ribbon graph structure on G defines a tangencial base point on 
Mg^n ai [C] . 

Proof. Let G be a ribbon graph structure on G and let xi, . . . ,Xn be 
the singular points of C. 

This defines local coordinates in the neighborhood of the special 
points of C in the following way. A special point x is a point of the 
normalization C above a singular or a marked point of C : it lies on a 
connected component of C, that has exactly two other special points. 
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This component is a vertex of the graph G and the three points are the 
three half-edges stemming from it. The ribbon graph structure gives 
us a cychc order on these three points: one may define an isomorphism 
between the connected component of C and the projective line P^, 
by sending the point x to 0, the next one to +1 and the last one 
to —1; hence, we get coordinates around x. These coordinates yield 
isomorphisms 



C, Xi 



{UiVi) 



As the universal deformation of f J/(Mjf j) is 



Spec 



{UiVi) 



Spec 



{UiVi - Si) 



Spec k ^ Spec k\ei\, 

the preceeding isomorphisms define an isomorphism 

Mioc ^ k[e^] g ■ ■ ■ § klsn] = klei, . . . , 

hence, from lemma |5]^, Mgi ~ A;|ei, . . . , 

The isomorphism T[c]^g,n — Tq^ioc identifies the trace of the divi- 
sor S^g^n on the tangent space with the union of the hyperplanes Ei = 0; 
from example ^]6|, the Ei then define a tangencial base point. □ 



Remark 5.12. These tangencial base points were constructed in in 
the case of a maximally degenerate pointed curve with no irreducible 
components of arithmetic genus 1. 

We shall conclude with a combinatorial description of this tangent 
space. 

Lemma 5.13. Let C be s maximally degenerate stable n-pointed curve 
and G the associated graph. Then Aut G ~ Aut G. 

Proof. Left to the reader: an automorphism f of G induces an auto- 
morphism / of the normalization G and hence an automorphism of 
the graph associated to G; check that this defines a group morphism 
AutC — s-AutG and construct its inverse. □ 



Corollary 5.14. Let G be a maximally degenerate stable pointed curve 
and G the associated graph. A ribbon graph structure on G defines a 
vector space isomorphism 

T[c]^g,n — V = Vect{ edges e de G }. 
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The action of Aut C = Aut G on this vector space is the following. If 
g G Aut G is an element of the group, e an edge and Ve the correspond- 
ing vector, we set 

g ■Ve = ±Vg.e. 

The sign is the following: 

+1 if the automorphism g preserves the cyclic order at both ends of 

e or reverses it at both ends; 
—1 otherwise. 



Proof. Left to the reader: take local coordinates as in the proof of p.ll 



and use them to describe the action of Aut C. □ 
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